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ABSTRACT. We introduce a generalized approximate hyperplane series prop-
erty for a pair (X,Y) of Banach spaces to characterize when (¢1(X),Y’) has
the Bishop-Phelps-Bollobds property. In particular, we show that (X,Y") has
this property if X, Y are finite-dimensional, if X is a C(K) space and Y is
a Hilbert space, or if X is Asplund and Y = Co(L), where K is a compact
Hausdorff space and L is a locally compact Hausdorff space.

1. INTRODUCTION

Let X be a real or complex Banach space. Bx, Sx and X* denote the closed
unit ball, the unit sphere and the topological dual of X, respectively. By £(X,Y)
we denote the space of all bounded linear operators between Banach spaces X and
Y.

The starting point of the study of density of norm attaining operators is the
famous Bishop-Phelps theorem [7] of 1961, which states that the set of norm at-
taining functionals on a Banach space is dense in its dual space. Afterwards, there
have been a lot of efforts to extend this theorem to operators. Especially, this study
is deeply influenced by the work [18] of Lindenstrauss. One of the milestones of
this theory is the result of Bourgain [9]. He showed that every bounded linear op-
erator whose domain is a Banach space with the Radon-Nikodym property can be
approximated by norm-attaining operators and, conversely, if this property holds
in every equivalent norm then the space has the Radon-Nikodym property. We
refer to the survey paper [1] for a detailed account on the theory of norm attain-
ing operators. On the other hand, motivated by the study of numerical ranges of
operators, Bollobds [8] proved in 1970 a refinement of the Bishop-Phelps theorem,
nowadays known as the Bishop-Phelps-Bollobés theorem [8, Theorem 1]J:

Let X be a Banach space. Suppose z € Sx and z* € Sx- satisfy
|z*(x) — 1] < €2/2 for some 0 < & < 1/2. Then there exist y € Sy
and y* € Sx- satisfying that y*(y) = 1, ||y — 2|| < e + £ and
ly* —a|| <e.
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Carrying Bollobas’ ideas to the vector-valued case, Acosta, Aron, Garcia and
Maestre [3] introduced in 2008 the Bishop-Phelps-Bollobés property for operators,
as follows.

Definition 1 ([3]). Let X and Y be (real or complex) Banach spaces. We say that
the pair (X,Y) has the Bishop-Phelps-Bollobds property (in short, BPBp) if, given
0 < e < 1, there is n(e) > 0 such that whenever T € S;(x y) and z € Sx satisfy
[Tz| > 1 —mn(e), then there exist z € Sx and S € S, (x,y) such that

ISzl =1, |lz—=z2|l<e and |T-S95]| <e.
In this case, we will say that (X,Y’) has the BPBp with the function € — 7n(¢).

This property has attracted the attention of many researchers. The list of papers
dealing with the BPBp contains [2, 4, 5, 6, 10, 11, 15, 17], where we refer for more
information on recent results.

One of the most surprising result concerning the BPBp presented in the seminal
paper [3] is the existence of a Banach space Y such that the pair (¢1,Y) fails the
BPBp, even though the set of norm attaining operators from ¢; to any Banach
space Y is dense in L(¢1,Y) (see [18, 9]). Let us also comment that, even more
surprising, there are pairs (X,Y") of Banach spaces failing the BPBp in which X
is finite-dimensional [3], even when every linear operator whose domain is a finite-
dimensional space attains its norm. For instance, it is known [6, Corollary 3.5] that
if X is a two-dimensional real Banach space which is not uniformly convex, then
there is a Banach space Y such that the pair (X,Y) fails the BPBp. In the cited
paper [3], a property called approximate hyperplane series property was introduced
to characterize those Banach spaces Y such that (¢1,Y) has the BPBp.

Definition 2 ([3]). A Banach space Y has the approzimate hyperplane series prop-
erty (AHSP, in short) if for every e > 0 there exists 17 > 0 such that given a sequence
(yr) C Sy and a convex series Y-, ay such that

oo
3" o
k=1

there exist A C N, y* € Sy«, and a subset {2z : k € A} C Sy satisfying that

>1—-mn,

Zak>l—£, lze —ykll <e and y*(zx) =1
keA

for every k € A.

Among the spaces with the AHSP, we may cite finite dimensional spaces, uni-
formly convex spaces, Co(L) spaces and L () spaces, as representative examples
[3]. On the other hand, there are spaces failing this property: every strictly convex
space which is not uniformly convex [3] and a particular polyhedral space con-
structed in [6, §4]. We refer the reader to the paper [12, 13] for more examples of
spaces with the AHSP.

In this paper, we first introduce a property for a pair (X,Y’) of Banach spaces
called the generalized approximate hyperplane series property (abbreviated to gen-
eralized AHSP, see Definition 4) to characterize when (¢1(X),Y’) has the BPBp.
This characterization is used to present a number of pairs (X,Y") of Banach spaces
such that (¢1(X),Y) has the BPBp. Namely, (1) when X and Y are finite dimen-
sional, (2) when Y is a Hilbert space and (X,Y) has the BPBp, in particular if
X = C(K) or X is uniformly convex, and (3) if X is Asplund and Y is a uniform
algebra, in particular, Y = Cy(L).
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We finish this introduction with an easy result from [3] about convex series for
later use.

Lemma 3 ([3, Lemma 3.3]). Let {c,} be a sequence of scalars with |c,| < 1 for
every n, and let Y 7 | o, be a convex series such that Re) " | anc, > 1 —1n for
some 1 > 0. Then for every 0 < r < 1, the set A= {i € N : Rec¢; > r} satisfies
. n
the estimate ;ai >1- T
K3

2. THE RESULTS

We begin with the definition of the generalized AHSP.

Definition 4. A pair of Banach spaces (X,Y) is said to have the generalized AHSP
if for every € > 0 there exists 0 < 7(e) < ¢ such that given sequences (Tx) C Sz (x.v)
and (z) C Sx and a convex series Y - | ay, such that

oo
E apTyxy

k=1

>1- 77(5)»

there exist a subset A C N, y* € Sy~ and sequences (Sx) C Sg(x,y), (zx) C Sx
satisfying the following:

(1) Dpeaar >1—c¢,
(2) |lzk —zk|| < e and ||Sy — Ti|| < e forall k € A,
(3) y*(Skzr) =1 for every k € A.

Some observations are pertinent.
Remark 5. Let X, Y be Banach spaces.

(a) To show that the pair (X,Y) has the generalized AHSP it is enough to check
the conditions for every finite (but of arbitrarily length) convex series, with
the same function e — n(e) for all lengths.

(b) In the definition of the generalized AHSP we may consider sequences (Ty) C
Br(x,yy and (x3) C Bx (with a small change in the function 7(e)).

(¢c) Since we may consider oy = 1, we obtain that if (X,Y") has the generalized
AHSP, then (X,Y) has the BPBp.

(d) Also, if (X,Y) has the generalized AHSP, then Y has the AHSP. This
follows easily by replacing the operators T}’s with suitable rank-one oper-
ators.

Proof. Ouly part (b) needs a detailed proof. Suppose that X has the generalized
AHSP with a function € — 7(¢), and write

for every € € (0,1). Fix e € (0,1) and consider sequences (T},) in By (x,y) and (z)
in Bx and a convex series ) o, such that

oo
E apTyxy

k=1

>1—1'(e).

Pick y5 € Sy~ such that

Reyg (Z akaxk> = apReyj(Thzr) >1—1'(e)
1

k=1
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and define .
- {k €N : Reyy(Thay) > 1— 5}.

By Lemma 3, we have that

S < 5O ()

€ 4

keMe

Now, for every k € N we consider T}, € Sp(x,y) and xj, € Sx such that
Til Tkl =Tk and @zl = 2.
We observe that

z:osz,;Jc;C > Zak Reyg (Tyxy,)
k=1
R k
kgf’“ °% ( 7] w) kGZMCO"C
Z ar Reyy (Thrr) — Z Qay
keM keMe
ZakReyO Tk:ck —2 Z Qe
keMe
o nBe o om(E)e nEe ()
>1—7n'(e) 5 =1 5 5 > 1—n 5)-

By the generalized AHSP of the pair (X,Y), there exist A’ C N, y* € Sy« and
sequences (Sk) C Sg(x,y), (2x) C Sx satisfying Z ap >1-— % and
kA

9]
Y (Skze) =1, lzw — ]l < 3

Now, set A := A’ N M and observe that
Zak Zak—Zak>1—f—f—1—£
keA keA’ keMe
On the other hand, for every k € A, we have ||[Tx|| > 1 —¢/2 and ||zx]| > 1 —¢/2,

1S, — TL|| < % (ke A).

[\

k Tk
—— and 2/ = — and, moreover, that
(7%l P el T ’

ISk — Tkl < e and |zr — k| <e,

implying that T}, =

finishing the proof. ]

Our first aim in this section is to show that the generalized AHSP characterizes
a pair (X,Y) of Banach spaces for which (¢1(X),Y") has the BPBp.

Theorem 6. Let X and Y be Banach spaces. Then the following are equivalent.

(i) The pair (X,Y) has the generalized AHSP,
(ii) the pair (¢1(X),Y) has the BPBp,
(#91) there is a function n: (0,1) — (0,00) such that ({7(X),Y) has the BPBp
with the function n for every n € N.

Proof. (i) = (#). Fix 0 < ¢ < 1. Let n(e) be given by the definition of the
generalized AHSP, and set p(e) := 7 (¢/3). Suppose that a bounded linear operator
T:4(X) — Y and x € S, (x) satisfy that

IT]=1 and ||Tz| > 1-p(e).
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Let T} be the restriction of T' on the k-th coordinate of ¢1(X) and observe that
IT|| = suppen | Tk||. Write = (agzy) for some x, € Sx and a convex series
> ey ak. Since Tw = Y77 | agTyxy, we have

o0
g apTyxy,

k=1

>1—p(e) = 1—mn(e/3).

From our assumption (using Remark 5.b), there exist a subset A C N, a functional
y* € Sy- and sequences (Sx) C Sg(x,v), (2x) C Sx satisfying for all k € A that

£ £ £ .
Zak>1—§, lze =@kl < 3, Tk = Sell < 3 and y*(Skzw) = 1.
keA

Define S : ¢1(X) — Y by

S(y) = Z Skyr + Z Tryr  for every y = (yx) € £1(X)
keA kEN\A

and observe that ||S]| =1 and
€
IS =T =sup ||Sk — Tkl < 3<¢
keA
Write 2z, = 0 for each k € N\ A and let z = (Bkzx), where

Br

D kea M

Next, we have the estimate

z—(Zak>z (Zak>z—x
keA keA
< Z Oék+zak||zk—$k||+ Z ap <Ee.

kEN\A k€A KEN\A

forke A and fr=0for ke N\ A

Iz — 2| < +

Finally, we get that

1> [1S2] > Iy (S2)] >

> By (Skz)

keA

:17

so ||Sz|| = 1 and we are done.

(#4) = (i4i). This follows from [6, Theorem 2.1], taking into account that for
every n € N, £1(X) = 0H(X) @1 £1(X).

(#1) = (7). Fix € > 0. We choose d(¢) > 0 small enough to be 258(5) +4(e) <e.

By Remark 5.a, we may prove that the pair (X,Y’) has the generalized AHSP by
just considering finite convex series. Consider finite sequences (Tx)7_; C Sz(x,v),
(zx)7_; C Sx and a finite convex series >, _, oy, satisfying

n
> Ty,

k=1

We define a bounded linear operator T : £7(X) — Y by

> 1 —n(6(e))-

T(y) =Y Tion for every = = (a1)jy € G(X).
k=1
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We write N = {1,...,n} and =z = (agzi)}_; € €7(X). We clearly have that
IT] =1 and ||Tz|| > 1 — n(d(e)). By (4ii), there exist a bounded linear operator
S 0H(X) — Y and z = (2x) € Spp(x) such that

IS =15z =1, [IT =S| <d(e), and |z —z| <d(e).
Write B = {k € N : ||zx]| = 0} and observe that

n
5(6) > Nz — 2l = 3 o — 2l > 3 e

k=1 keB
We also have that

2kl 2
o=l > 3 fowm—al= 3 afn - 1202
kEN\B kEN\B k
P VI
Ry Feell |~ el B
and for every k € N \ B we have
zi el 2 _‘ A Iz ||_||Zk|| H‘
lzell w2l Qg ol
N
g |zl
Hence, we get that
Z o ||Tk — Zk”H 2|z — z|| < 24(¢e).

kKEN\B

SetA:{keN:

‘ < E} Then we obtain that

sz\l

- 2.
Tl H

kE(N\B)\A

25(6)> Z Qg

kEN\B

A,
N\B)\A

Tk —
||Zk\| H
which implies
24(e)
Zakfleakf Z ak>176(5)7T>176
keA keB ke(N\B)\A
Now, by the Hahn Banach Theorem, there exists y* € Sy« such that

1= [IS] = [1S=] = y*(S2) = y* (Zskzk> =5y (Sk),
k=1

where Sy, is the restriction of S on k-th coordinate of ¢ (X) for every k € N. Since
1=z = chvzl llzkll, we get y*(Skzk) = ||zx| for every k € N, which means
y* (Sk ”i—zll> = 1 for every k € N such that ||zx| # 0, in particular, for every k € A.
Finally, it also follows that ||Sg|| = 1 and ||Tk — Sk|| < ||T — S]] < é(e) < e for each
k € A. By definition of the set A, we also have ka

Hz T H < ¢ for every k € A,
finishing the proof.

In the following, we use the above characterization to provide examples of pairs
(X,Y) such that (¢1(X),Y) have the Bishop-Phelps-Bollobés property.

We start with the simple case in which X and Y are finite-dimensional.

Proposition 7. For every finite dimensional spaces X and Y, the pair (X,Y) has
the generalized AHSP. Equivalently, (¢1(X),Y) has the BPBp.
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We begin with a preliminar lemma.

Lemma 8. Let X and Y be any finite dimensional spaces. Then for each € > 0,
there is m > 0 satisfying the following: given y5 € Sy~«, there exists yi € Sy« such
that whenever xo € Sx and Ty € Sp(x,yy satisfy Reys(Towo) > 1 —n, there exist
x1 € Sx and Ty € Sg(x,y) such that

yi(Mixy) =1, |[To—-Ti||l<e and |xo— 21| <e.

Proof. We argue by contradiction. Assume there is ¢ > 0 which does not satisfy
the conditions. Then, for every n € N there is z; € Sy- satisfying that for each
y* € Sy~ there exists (20,50) € Sx % Sg(x,y) such that Re 2} (Soz0) > 1 — % and
max(|[So — S1|, |20 — 21|) = € whenever (21, S1) € Sx x Sg(x,y) and y*(S121) = 1.

By finite dimensionality, we may assume that (z}) converges to z* € Sy~. From
the above observation, for each n we may find (z,,,T,,) € Sx X Sg(x,y) such that

1
Rezi(Thwy) >1—— and max(||T, — S|, ||lzn —2||) = €
n

for every (2, 5) € Sx x Sg(x,y) with 2*(Sz) = 1. Since X, Y are finite dimensional,
we may assume that (x,) and (7},) converge to x € Sx and T' € S, (x y), respec-
tively, and so we get that z*Tx = 1. However we have max(||T,, —T|, ||z, —x||) > €
for all n, which contradicts the fact that x, and T,, converge to x and T, respec-
tively. O

Proof of Proposition 7. For fixed 0 < € < 1, choose 0 < n < ¢ which satisfies the
condition in Lemma 8. Suppose that the sequences (Tx) C Sz (x,y), (zx) C Sx and
the convex series Y- | ay satisfy

o0
E apTyxy,

k=1

>1 -7

Choose z* € S5 such that

Rez* (Z akaxk> = Z apRez" (Tray) > 1 — 772,
k=1

k=1
and set A := {k € N : Rez* (Tyz)) > 1—n}. Then we get from Lemma 3 that
Zak>1777>175.
keA

Now, Lemma 8 gives the existence of y* € Sy~ and (zx,Sk) € Sx x Sg(x,y) for
every k € A satisfying that

Yy (Sgzr) =1 and  max(||Ty — Sk, [|lzr — 2k]|) <€ for every k € A. O

When the range space is a Hilbert space, then we have the following.

Proposition 9. Let H be a Hilbert space and let X be a Banach space. If (X, H)
has the BPBp, then it has the generalized AHSP, so (¢1(X), H) has the BPBp.

Proof. Let e — §(¢) and e — n)(e) be, respectively, the modulus of convexity of
H and the function given by the fact that (X, H) has the BPBp. Fix 0 < e < 1
and choose ¢ > 0 such that

e < %(5 (%) and (') < éé (%) .



8 KIM, LEE, AND MARTIN

Suppose that the sequences (Tx) C Sg(x,m), (#r) C Sx and the convex series
> ken Ok satisfy that

> 1 —n(e)?.

oo
E apTyxy

k=1
Choose y* € Sy~ and y € H such that

Rey* (Z akamk) >1-—n(') and y*(y)=1.
Define the set A := {k € N : Rey*Tra), > 1 —n(c’)} and observe that
Z ap >1—mn(e)

keA

by Lemma 3. Since (X, H) has the BPBp, for each k € A there exist S}, € S¢(x m)
and zp € Sx such that

1S, = Tkl < €', |z — x| <& and |[|Spz||=1
for every k € A. Now, for every k € A we have
Rey"Sp2e = Rey Ty — | T — Sill = lloe — yall
>1-—nE')—2" >1-45(¢/2)

and so ||S}.zr — y|| < €/2. Since H is a Hilbert space, for each k € A, there exists
an isometry Ry : H — H such that Ry(S}z;x) = y and ||Ry — Id|| < ¢/2 where
Id is the identity. We clearly have that A, Si = Ry oS}, and zj, are the desired
objects. O

Remark 10. We do not know whether every uniformly convex space can do the
same role of that of Hilbert spaces in the above result.

As particular case of Proposition 9, we get the following example.

Example 11. Let K be a compact Hausdorff topological space and let H be a
Hilbert space. Then the pair (¢;(C(K)), H) has the BPBp.

The proof reduces to use Proposition 9 together with the fact the (C(K), H)
has the BPBp (see [16, Theorem 2.2] for the real case and [2, Theorem 2.4] for the
complex case).

Another particular case is the following result, which follows from the fact that
if X is a uniformly convex space, then the pair (X,Y’) has the BPBp for every
Banach space Y [15].

Example 12. Let X be a uniformly convex space and let H be a Hilbert space.
Then the pair (¢1(X), H) has the BPBp. In particular, (¢1(L,(p)), H) has the
BPBp for every measure p and every 1 < p < oco. In fact, the same results hold
when p =1 or p = oo, since both (L1(u), H) and (Leo(u), H) have the BPBp (see
[11, 14] and [17], respectively.)

Our last result deals with pairs of Banach spaces whose second coordinate is
a uniform algebra. We recall that a uniform algebra is a closed subalgebra of a
C(K) space, equipped with the supremum norm, that separates the points of K.
It is shown in [10, Theorem 3.6] that for every Asplund space X and every uniform
algebra A of a C'(K) space, the pair (X, A) has the BPBp with a function e — 7(¢)
which does not depend neither on X nor on A. For every n € N, the space ¢}(X)
is also Asplund, so we get that (¢7(X), A) has the BPBp with the function 7.
Therefore, our Theorem 6 provides the following result.
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Corollary 13. Let X be an Asplund space and let A be a uniform algebra. Then
the pair ((1(X), A) has the BPBp.

The spaces Cy(L) are uniform algebras for every locally compact space L. In
this case, we may use [4, Theorem 2.4] instead of [10, Theorem 3.6].

Example 14. Let X be an Asplund space and let L be a locally compact Hausdorff
topological space. Then the pair (¢1(X),Co(L)) has the BPBp.

We finish the paper with an open problem. It follows from Remark 5 and The-
orem 6 that if (¢1(X),Y) has the BPBp, then both (X,Y) and (¢1,Y) have the
BPBp. None of these two properties alone imply that (¢1(X),Y) has the BPBp.
Indeed, if X is one-dimensional and Y fails the AHSP, then (X,Y") has the BPBp
but (¢1(X),Y) fails it; on the other hand, X = L;[0,1] and Y = C[0, 1] satisfy that
(¢1,Y) has the BPBp [3] but (¢/1(X),Y) = (X,Y) does not [1]. We do not know
whether both properties together are enough to provide a reverse result.

Question 15. Let X, Y be Banach spaces. Suppose (X,Y) and (¢1,Y) have the
BPBp. Does (¢1(X),Y) have the BPBp? Equivalently, if (X,Y") has the BPBp and
Y has the AHSP, does (X,Y") have the generalized AHSP?

Acknowledgment. A part of this paper was written while the first and the
second author visited the University of Granada. They want to thank the Depar-
tamento de Anélisis Matemaético for their great hospitality and support.
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